Anisotropic-hydrodynamics framework is used to describe a mixture of quark and gluon fluids.
I. INTRODUCTION
In this work we generalise several earlier results concerning application of anisotropic hydrodynamics (aHydro) to model the behaviour of a quark-gluon fluid mixture. The first study of this type was restricted to massless particles obeying classical statistics and based on the kinetic equations in the relaxation time approximation (RTA) [1] . Further developments included the use of a modified RTA collision term [2] as well as comparisons with the exact solutions of the coupled kinetic equations [3] . The latter work revealed problems connected with the exclusive use of the zeroth and first moments of the kinetic equations to construct the framework of aHydro. These problems were solved in [4] by relaxing some of the previous assumptions restricting the number of hydrodynamic parameters and by using, in addition, the second moments of the kinetic equations, as suggested in [5] .
In the meantime, comparisons between predictions of various formulations of dissipative hydrodynamics and exact solutions of the kinetic theory have become a popular and convenient tool to check the validity range of the hydrodynamic frameworks [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . The latter are now commonly used to interpret the experimental data collected in heavy-ion collisions at RHIC and the LHC [18] [19] [20] [21] [22] . Comparisons between hydrodynamic-model predictions and kinetic-theory results allow us to analyse relations between effective hydrodynamic models and microscopic underlying theories [23] [24] [25] [26] , for a recent review see [27] .
In this work we use our recent results on the exact solutions of the coupled quark-gluon kinetic equations [28] . In general, the new solutions found in [28] describe massive quarks obeying Fermi-Dirac statistics and coupled to massless gluons obeying Bose-Einstein statistics. Moreover, Ref. [28] includes consistently the effects of finite baryon number density.
In order to reproduce some of the earlier results, the cases where classical statistics is used and/or where quarks are treated as massless particles have been also analysed in [28] . The present study of aHydro refers mainly to the general case of massive quarks and quantum statistics.
Similarly to earlier works on mixtures we restrict ourselves to boost invariant systems [29] , since this assumption allows for finding exact solutions of the kinetic-theory equations. For the sake of simplicity, we also assume that the relaxation time is constant and the same for quarks and gluons. The use of a temperature dependent relaxation time, which is a natural choice for conformal theories, increases substantially the computational time for the exact calculations but, otherwise, does not introduce an important restriction for the performed comparisons.
Our results confirm that aHydro is a very good approximation for the kinetic-theory results provided an appropriate set of the moments of kinetic equations is selected to construct the aHydro framework -this includes using the second moments and special combinations of the zeroth moments, as in Refs. [4] and [5] . We find that starting from different initial conditions aHydro reproduces very well the time dependence of several physical quantities, in particular, of the ratio of the longitudinal and transverse pressures. This brings further arguments in favour of using the framework of aHydro for phenomenological modeling of heavy-ion collisions [30] .
In this paper we use x µ = (t, x, y, z) and
the particle space-time position and four-momentum. The longitudinal (z) direction is identified with the beam axis. The transverse momentum is p T = p 2 x + p 2 y and particles are always on the mass shell,
is the metric tensor. For the partial derivative we use the notation ∂ µ ≡ ∂/∂x µ . Throughout the paper we use natural units with c = k B =h = 1. The notation for various physical quantities and special functions is kept the same as in [28] .
II. KINETIC EQUATIONS
Our starting point are three coupled relativistic Boltzmann transport equations for quark, antiquark, and gluon phase-space distribution functions
The collisional kernel C in (1) is used in the relaxation time approximation [31] [32] [33] [34] 
where τ eq is the relaxation time and the four-vector U (x) describes the hydrodynamic flow defined in the Landau hydrodynamic frame [35] . For one-dimensional boost-invariant systems the structure of U µ (x) is determined by the symmetry arguments (see Eq. (9) below).
A. Equilibrium distributions
In Eq. (2) the functions f s,eq (x, p) are equilibrium distribution functions, which take the Fermi-Dirac and Bose-Einstein forms for (anti)quarks and gluons, respectively,
Here T (x) is the effective temperature, µ(x) is the effective baryon chemical potential of quarks, and
where the sign +1 (−1) corresponds to fermions (bosons). The same value of T (x) appearing in Eqs. (3) and (4), as well as the same value of µ(x) appearing in the quark and antiquark distributions, means that all particles evolve toward the same local equilibrium defined by T (x) and µ(x). Since the baryon number of quarks is 1/3, the baryon chemical potential µ B is defined by the expression
B. Anisotropic distributions
In this paper, following the main ideas of anisotropic hydrodynamics [36, 37] , we make an assumption that the exact solutions, f s (x, p), of Eqs. (1) are very well approximated by the Romatschke-Strickland (RS) anisotropic distributions [38] . In the covariant version for the Bjorken expansion they read [1] f Q ± ,a (x, p)=h
where
is the quark transverse-momentum scale, and λ(x) is the non-equilibrium baryon chemical potential of quarks. Similarly, ξ G (x) is the gluon anisotropy parameter and Λ G (x)
is the gluon transverse-momentum scale.
The use of the RS ansatz for the quark and gluon distributions means that we deal with seven unknown functions: ξ Q , Λ Q , ξ G , Λ G , λ, µ, and T . Their spacetime dependence will be determined by using a properly selected set of moments of Eqs. (1) . In this work we follow
Ref. [4] and use two equations constructed from the zeroth moments, one from the first moment, and two from the second moments. In addition, we use two so-called Landau matching conditions that guarantee the baryon number and energy-momentum conservation 1 .
C. Boost-invariance and the tensorial basis
In the transversely-homogeneous and boost-invariant case studied here the tensorial basis used in the calculations has the following form [39]
where τ is the (longitudinal) proper time
The four-vectors X µ and Y µ will be used in calculations involving the second moment of the kinetic equations in Sec. VII. We note that for one-dimensional, boost-invariant expansion the functions ξ Q , Λ Q , ξ G , Λ G , λ, µ, and T may depend only on the proper time τ .
III. BASIC OBSERVABLES
In our calculations, all particles are assumed to be on the mass shell,
that the invariant momentum measure is
where Θ is the Heaviside step function. Hereafter, the gluons are treated as massless, while quarks have a finite constant mass m.
The first, second, and third moments of the distribution functions (multiplied by k s ) read
respectively. Here k s ≡ g s /(2π) 3 , with g Q ± = 3 × 2 × N f and g G = 8 × 2 being the internal degeneracy factors for quarks and gluons, respectively. For quarks, in addition to the colour and spin degrees of freedom, we include the flavour degeneracy N f = 2. While the equations (15) and (16) define the particle number current and the energy-momentum tensor of the species "s", respectively, Eq. (17) does not have a straithforward physics interpretation.
Moreover, we define the baryon number current
where q s = {1/3, −1/3, 0} is the baryon number of quarks, antiquarks, and gluons, respectively.
We introduce the total particle number current and total energy-momentum tensor which are given by the sums of individual components
For the equilibrium distributions (3) and (4), Eqs. (15) and (16) may be tensor-decomposed in the following way
while for the anisotropic functions (7) and (8) we find [28, 40] 
Here
projects on the space orthogonal to U (U and Z). The functions N , E, and P are the particle density, energy density, and pressure. For the anisotropic case we differentiate between the longitudinal, P L , and transverse, P T , pressures.
Analogous calculation for the second moment (17) gives
for the equilibrium distributions (3) and (4), and
for the anisotropic distributions (7) and (8) . The expressions defining variables ϑ are presented in App. A.
IV. BOOST INVARIANCE A. Boost invariant Bialas-Czyz variables
In the case of (0+1)-dimensional system exhibiting symmetries discussed in the previous section it is convenient to use the variables w and v which are defined as follows [41, 42] 
Due to the fact that particles are on the mass shell, w and v are related by the formula
Equations (27) and (28) can be inverted to express the energy and longitudinal momentum of a particle in terms of w and v, namely, E p = (vt+wz)/τ 2 and p L = (wt+vz)/τ 2 . The Lorentz invariant momentum-integration measure can be written now as
For boost invariant systems, all scalar functions of space and time, such as the effective temperature T and quark chemical potential µ, may depend only on τ . In addition, one can check that the phase-space distribution functions, which are Lorentz scalars, may depend only on the variables w, τ and p T . We use these properties in the next sections.
In what follows we assume that the distributions f s (τ, w, p T ) are given by the anisotropic RS forms f s,a (τ, w, p T ) which follow from Eqs. (7) and (8),
Equations (30) and (31) 
V. ZEROTH MOMENTS OF THE KINETIC EQUATIONS
The zeroth moments of the kinetic equations (1) give three scalar equations
To formulate the hydrodynamic framework, we cannot use all the equations listed in (32) and (33) , since this would lead to the overdetermined system 2 . Therefore, we use only two equations constructed as linear combinations of (32) and (33) . The first equation is obtained from the difference of the quark (Q + ) and antiquark (Q − ) components in Eqs. (32),
while the second equation is a linear combination of Eqs. (32) and (33),
The parameter α is a constant taken from the range 0 ≤ α ≤ 1. Sums of the contributions from both quarks and antiquarks are denoted by the symbol Q, for example
By performing comparisons between the predictions of kinetic theory and the results obtained with aHydro one can check which value of α is optimal. In Ref. [4] we found that the best cases corresponded to either α = 1 or α = 0. One may understand this behaviour,
since such values of α do not introduce any direct coupling between the quark and gluon sectors except for that included by the energy-momentum conservation, which is accounted for by the first moment -such situation takes place in the case where kinetic equations are treated exactly. Moreover, our present investigations of more complex systems also favour the value α = 1. We return to discussion of this point in Sec. VIII.
A. Baryon number conservation
Equation (34) leads directly to the constraint on the baryon number density
The conservation of the baryon number requires that both the left-and the right-hand sides of (37) vanish. This leads to two equations
and
which gives explicitly
The function H B is defined explicitly in Appendix A1 of Ref. [28] .
The last two equations can be used to determine λ and µ in terms of B 0 τ 0 /τ , T , Λ Q , and ξ Q . Thus, in the following equations we may treat λ and µ as known functions of other hydrodynamic variables.
3

B. Sum of the zeroth moments
Equation (35) can be written in the form
Here we have introduced the ratio of the internal degeneracies
The functionsH ± N are defined explicitly in Appendix A1 of Ref. [28] .
VI. FIRST MOMENTS OF THE KINETIC EQUATIONS
By considering sum over "s" of the first moments of the kinetic equations (1) we have
The energy-momentum conservation requires that the right-hand side of Eq. (44) vanishes, which leads to the Landau matching for the energy density
3 In the case of classical statistics, the function H B becomes independent of the second argument and Eqs. (40) and (41) can be easily solved for µ and λ. However, in the general case of Fermi-Dirac statistics one has to solve Eqs. (40) and (41) numerically, together with other hydrodynamic equations.
where E a = E Q,a +E G,a and E eq = E Q,eq +E G,eq contain contributions from quarks, antiquarks, and gluons. In the explicit notation we obtain
where the functionsH ± are defined explicitly in Appendix A1 of Ref. [28] .
On the other hand, the left hand side of Eq. (44) leads to the equation expressing the energy-momentum conservation of the form
is the total longitudinal momentum of the system. This leads to the equation
where the functionsH ± L are again defined in Appendix A1 of Ref. [28] . We note that Eqs. (46) and (48) couple the quark and gluon hydrodynamic parameters in the way similar to that known from the exact treatment of the kinetic equations.
VII. SECOND MOMENTS OF THE KINETIC EQUATIONS
In order to close the system of dynamical equations we finally consider the second moments of the kinetic equations (1),
Using tensor decompositions (25) and (26) and performing the projections of Eqs. (49) on the basis four-vectors, one obtains however an overdetermined system of equations. A possible remedy to this problem was proposed in Ref. [5] where a selection rule for equations was
proposed, see also [43] . In this work we select the same combinations of the second moments of the Boltzmann equations as in Ref. [4] , which follows methodology of Refs. [5, 43] . This implies that we use the equations of the form
It has been demonstrated in Ref. [5] that such forms are consistent with the Isreal-Stewart theory for systems being close to local equilibrium. The explicit expressions for the functions ϑ are given in the Appendix A. Using Eqs. (50) and (51) we find
with the functionH + ϑ defined by Eq. (A12).
VIII. RESULTS
Equations (40), (41), (42), (46), (48), (52) and (53) are seven equations for seven unknown functions of the proper time: approaches local equilibrium. As expected, the NS framework coincides with the KT result much earlier than BJ, since NS includes non-equilibrium, viscous corrections.
If the functions
, and T (τ ) are known, we may determine the anisotropic RS distribution functions for quarks and gluons and, subsequently, use these distributions to calculate various physical observables. Explicit expressions for the energy density and different pressure components are given in [28] . In Fig. 2 we show the proper-time dependence of the transverse pressure over energy density ratio [P T /E, panels Other studied cases, not shown here, also confirm very good performance of anisotropic hydrodynamics as an approximation for the kinetic theory (as far as the observables studied in this work are considered). We stress that we have achieved this agreement with the parameter α set equal to unity in Eq. (35) . Slightly worse but satisfactory agreement can be found also in the case α = 0. On the other hand, choosing a finite value of α from the range 0 < α < 1 spoils the agreement. This behaviour was already observed in [4] where the case with massless particles and classical statistics was studied. Apparently, the values 0 < α < 1 introduce a redundant coupling between quarks and gluons, which is absent in the RTA kinetic theory.
IX. SUMMARY
In this work we have compared the anisotropic-hydrodynamics results for a quark-gluon fluid mixture with predictions of the RTA kinetic theory. We have generalised previous results by including the finite quark mass, the quantum statistics for both quarks and gluons, and the finite baryon number density. We have found very good agreement between the aHydro and KT results. Our study corroborates earlier assumptions made in [4] for construction of aHydro for mixtures, namely, the use of the second moments of kinetic equations and the appropriate choice of the zeroth moments (corresponding to α = 1).
The latter may be decomposed in the tensorial basis constructed from the tensor products of the basis four-vectors A
where the coefficients c s ABC are defined through the expression
Using Eq. (A1) one thus has
For the distribution functions specified in Eqs. (3) and (4) and Eqs. (7) and (8) 
Anisotropic RS distribution
For the anisotropic distribution functions one may exploit the SO(2) symmetry of Eqs. (7)- (8) in transverse momentum plane and write
where ϑ 
